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Combinatorial Counting - 3.2, 3.3 Permutations and Binomial Coefficients

Permutation is a bijection π : X → X on some finite X.

Example X = {1, 2, 3, 4, 5}, π(1) = 3, π(2) = 5, π(3) = 4, π(4) = 1, π(5) = 2.

or(
1 2 3 4 5
3 5 4 1 2

)
or(
3 5 4 1 2

)
or

As an oriented graph with vertices [5] and oriented edges according to π.

1 3

4

2 5

Claim The oriented graph is a union of disjoint cycles. (notice that at each vertex, one arrow is going in and
one is going out)

In cycle notation: ((1, 3, 4), (2, 5)).

1: What is the number of permutations on [n]?

Solution: Permutation is an injective (and also surjective) mapping. So it is

n−1∏
i=0

(n− i) = n!

To minimize exceptions, notice we define 0! = 1.

Binomial coefficient for n, k ∈ N0, k ≤ n is (
n

k

)
=

n!

k!(n− k)!

or (
n

k

)
=

∏k−1
i=0 (n− i)

k!

2: Show that
(
n
k

)
counts the number of k-element subsets of n.

Plan A: Take a permutation of [n] and first k entries are the subset. How many times is each subset counted?
Plan B: Take an injective mapping [k]→ [n]. How many times is each subset counted in the injective mappings?

Solution: Solution A: Split the n! at first k elements and the rest. Each subset is
counted k!(n− k)! times. Hence the count is n!

k!(n−k)! .

Solution B: Each subset is counted in k! injective mapping. And there are
∏k−1

i=0 (n− i)

injective mappings. Hence the number of subsets is
∏k−1

i=0 (n−i)
k! .
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Examples: (
N

0

)
=

(
N

N

)
=

(
1

1

)
=

(
8

4

)
=

Notation: For a set X, we denote the set of all subsets of size k as(
X

k

)
= {Y ⊆ X : |Y | = k}

Notice that ∣∣∣∣(Xk
)∣∣∣∣ =

(
|X|
k

)
3: Show the following identities (

n

k

)
=

(
n

n− k

)
and

(
n

k

)
=

(
n− 1

k − 1

)
· n
k

Solution: Directly from the definition using factorials.

4: Show the following identity (
n

k

)
=

(
n− 1

k − 1

)
+

(
n− 1

k

)
.

This identity is attributed to Pascal.

Solution:(
n− 1

k − 1

)
+

(
n− 1

k

)
=

(n− 1)!

(k − 1)!(n− k)!
+

(n− 1)!

k!(n− k − 1)!

=
k(n− 1)! + (n− k)(n− 1)!

k!(n− k)!
=

n!

k!(n− k)!
=

(
n

k

)
5: Show the Pascal’s identity without expanding it using factorials. I.e. find a combinatorial argument.
Hint: Take an n-element set X and fix a ∈ X. Now count all subsets of size k but count sets that do contain a
and that do not contain a separately.

Solution: Exactly as the hint is saying. The number of subsets that do not contain
a is

(
n−1
k

)
. Now subsets that do contain a have k − 1 other elements chosen from the

remaining n− 1. This is counted by
(
n−1
k−1

)
.

Some identities can be explained using expansion of the factorials, but combinatorial arguments are often more
elegant and provide some additional insight why certain identities hold.

Pascal’s identity can be used to generate so called Pascal’s triangle easily. It is a triangle, where in row n,
binomial coefficients

(
n
0

)
· · ·
(
n
n

)
are listed.
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6: Fill Pascal’s triangle, where row n lists all binomial coefficients
(
n
k

)
for all k. Hint: Pascal’s Formula.

n = 0
(
0
0

)
n = 1

(
1
0

) (
1
1

)
n = 2

(
2
0

) (
2
1

) (
2
2

)
n = 3

(
3
0

) (
3
1

) (
3
2

) (
3
3

)
n = 4

(
4
0

)
n = 5

(
5
0

)
n = 6

1
1 1

1 2 1

7 Committee approach: Prove that (
n

k

)(
k

m

)
=

(
n

m

)(
n−m
k −m

)
.

Think of finding a subset of a subset.

Solution: The LHS computes the number of ways to select a committee of size k and
then a special subcommittee of size m. This count is the same as the number of ways
to select the special subcommittee of m first, and then fill out the rest of the members
of the committee of n (the RHS).

8 Lattice paths: Count the number of ways drive a corn harvester from the garage (located at 0, 0) to a corn
field, located at (5, 4).

garage

corn field

Allowed movements are only right or up (you want to go the shortest path). (Try also counting in general to
location (a, b), where a, b ∈ Z)

Solution: We need to go 5 times right and 4 times up. In total, we need to do 9 steps.
And 5 of them are right. This gives

(
9
5

)
. In general, the solution is

(
a+b
a

)
.

9: Prove that ∑
0≤j≤b

(
a+ j − 1

a− 1

)
=

(
a+ b

a

)
Hint: Use lattice paths.

Solution: This kind of problem is hopeless by trying to manipulate using the definition
of the binomial coefficient. Instead recognize the RHS as the number of lattice paths
from (0, 0) to (a, b). Now think about how to “decompose” all such lattice paths
according to at what height they last cross the vertical line x = a−1. This decomposes
all lattice paths into b+ 1 disjoint subsets, associated to j = 0, 1, 2, . . . , b, each counted
by
(

(a−1)+j
a−1

)
. Now apply the addition principle.
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10: Prove that ∑
0≤j≤n

(
n

j

)2

=

(
2n

n

)
Hint:

(
n
j

)
=
(

n
m−j

)
.

Solution: The RHS is clearly counting the number of walks from (0, 0) to (n, n). Now
consider the unique point (j, n − j) where a path P crosses the line y = n − x. This
decomposes P into P1 : (0, 0)→ (j, n− j) and P2 : (j, n− j)→ (n, n). The number of

such paths is
(
n
j

)
and

(
n
n−j
)

=
(
n
j

)
. So we obtain

(
n
j

)2
paths crossing through (j, n− j).

Now sum over all j.
Alternative solution is to think of a group of 2n people and picking n. Say we have n
men and n women and we want to pick n people. It can be counted as

(
2n
n

)
. On the

other hand, if we want to pick exactly j men, we have
(
n
j

)(
n
n−j
)

=
(
n
j

)2
. So the left

hand side is partitioning the possible choices by the number of men and women.

11: Prove that
(
a+b
a

)
equals the number of partitions (a sequence of integers P1 ≥ P2 ≥ . . . ≥ Pb) satisfying

a ≥ P1 ≥ P2 ≥ . . . ≥ Pb ≥ 0.
Hint: Try to enumerate all partitions for a = b = 2. It will help you understand the problem.

Solution: Notice that a lattice path from (0, 0) to (a, b) outlines a left justified stack of
boxes (called a Ferrers’ shape), which are in obvious bijection with the stated partitions.

12 Binary string: Prove that ∑
0≤k≤n

(
n

k

)
= 2n

Solution: Left hand side is counting all subsets. The right had side does the same -
for each of the n elements, we have two choices - either include it in the set or not. This
gives 2n. This can be also viewed as a string of length n of 0’s and 1’s, where 1 means
that the corresponding element is included in the set. This is called the characteristic
vector.

13: Prove that ∑
r≤k≤n

(
k

r

)
=

(
n+ 1

r + 1

)

Solution: Consider the thing as binary strings of length n with r + 1 entries 1 and
other entries 0. Right hand side clearly counts this. The left hand side partitions the
string according the to position of last entry 1. The last entry 1 is on position k + 1.
Notice, that there are at least two entries 1.

14: Prove ∑
0≤k≤r

(
m

k

)(
n

r − k

)
=

(
m+ n

r

)

Solution: The RHS says to pick r people from a group consisting of m men and n

women. The LHS says to pick k of the m men and r − k of the n women, for each k.
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